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Tutorial – 02 

 
A) The minimum measurable amplitude for each pulse is the amplitude for a unitary SNR, assuming a measurement 

at the peak of the signal (possible because we have a sync signal) we can write: 

𝑺𝑵𝑹 =
𝒔

√𝝈𝒏
𝟐

=
𝑽𝑷

√∫
𝑺𝑵,𝑼

𝟐
|𝑯𝑨(𝒇)|𝟐𝒅𝒇

∞

−∞

= 𝟏 → 𝑽𝑷,𝒎𝒊𝒏 = √∫
𝑺𝑵,𝑼

𝟐
|𝑯𝑨(𝒇)|𝟐𝒅𝒇

∞

−∞

 

Using the Equivalent Noise BandWidth (ENBW) of a single pole response, we obtain: 

𝑬𝑵𝑩𝑾 =
𝝅

𝟐
𝒇𝒔 → ∫

𝑺𝑵,𝑼

𝟐
|𝑯𝑨(𝒇)|𝟐𝒅𝒇

∞

−∞

= 𝑺𝑵,𝑼 ∫ 𝒅𝒇

𝝅
𝟐

𝒇𝑺

𝟎

= 𝑺𝑵,𝑼

𝝅

𝟐
𝒇𝒔 → 𝑽𝑷,𝒎𝒊𝒏 = √𝑺𝑵,𝑼

𝝅

𝟐
𝒇𝒔 ≅ 𝟑. 𝟗𝟔 𝝁𝑽 

We can define a bilateral power spectral density: 

𝑺𝑵,𝑩 =
𝑺𝑵,𝑼

𝟐
= 𝟓

𝒏𝑽

√𝑯𝒛
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B) To filter the signals, we can use a Gated Integrator (GI), or a simple RC: 

Gated Integrator:  
Assuming a GI weight function wide 𝑻𝑮 and with an amplitude 𝑨 starting at the beginning of the signal to 

sample: 

𝒉(𝒕) = 𝑨 ∙ 𝐫𝐞𝐜𝐭𝐓𝐆
(𝒕 −

𝑻𝑮

𝟐
) → 𝒘𝒎(𝒕) = 𝑨 ∙ 𝐫𝐞𝐜𝐭𝐓𝐆

(𝒕𝒎 +
𝑻𝑮

𝟐
− 𝒕)     𝑤𝑖𝑡ℎ    𝒕𝒎 = 𝑻𝑷 

Given the auto-correlation of the noise is much shorter (in time) than the filter’s one, we can approximate 

𝑲𝒘𝟏𝒘𝟏
𝑬 (𝝉) as a 𝑲𝒘𝟏𝒘𝟏

𝑬 (𝟎), thus, we can express the noise as: 

𝝈𝒏
𝟐 = ∫ 𝑹𝒙𝒙(𝝉)𝑲𝒘𝟏𝒘𝟏

𝑬 (𝝉)𝒅𝝉
∞

−∞

≅ 𝑲𝒘𝟏𝒘𝟏
𝑬 (𝟎) ∫ 𝑹𝒙𝒙(𝝉)𝒅𝝉

∞

−∞

= 𝑨𝟐𝑻𝑮 ∫ 𝑹𝒙𝒙(𝝉)𝒅𝝉
∞

−∞

= 𝑨𝟐𝑻𝑮 ∙ 𝑺𝑵,𝑩 

This calculation holds true for any shape of the input signal, alternatively, we could have derived the noise in the 

frequency domain: 

𝝈𝒏
𝟐 = ∫ 𝑺𝑵,𝑩|𝑾𝒎(𝒇)|𝟐

∞

−∞

𝒅𝒇 = 𝑺𝑵,𝑩 ∫ |𝑾𝒎(𝒇)|𝟐𝒅𝒇
∞

−∞

= 𝑺𝑵,𝑩 ∙ 𝑨𝟐𝑻𝑮
𝟐 ∫ 𝒅𝒇

𝒇𝒏

𝟎

= 𝑺𝑵,𝑩 ∙ 𝑨𝟐𝑻𝑮
𝟐 𝒇𝒏 = 𝑨𝟐𝑻𝑮 ∙ 𝑺𝑵,𝑩 

 
Gated Integrator and rectangular pulse:  

The signal acquired for a rectangular pulse is: 

𝒔 = ∫ 𝒙(𝒕)𝒘𝒎(𝒕)𝒅𝒕
∞

−∞

= ∫ 𝑽𝑷𝐫𝐞𝐜𝐭𝐓𝑷
(𝒕 −

𝑻𝑷

𝟐
) 𝑨𝐫𝐞𝐜𝐭𝐓𝐆

(𝑻𝑷 +
𝑻𝑮

𝟐
− 𝒕) 𝒅𝒕

∞

−∞

= ∫ 𝑨𝑽𝑷𝒅𝒕
𝑻𝑮

𝟎

→ 

𝒔 = 𝑨𝑻𝑮 ∙ 𝑽𝑷    𝑓𝑜𝑟    𝟎 ≤ 𝑻𝑮 ≤ 𝑻𝑷 

The minimum measurable amplitude is the amplitude to achieve a unitary SNR, thus: 

𝑺𝑵𝑹 =
𝒔

√𝝈𝒏
𝟐

=
𝑨𝑻𝑮 ∙ 𝑽𝑷

√𝑨𝟐𝑻𝑮 ∙ 𝑺𝑵,𝑩

= 𝑽𝑷

√𝑻𝑮

√𝑺𝑵,𝑩

= 𝟏 → 𝑽𝑷,𝒎𝒊𝒏 = √
𝑺𝑵,𝑩

𝑻𝑮
 

Using the optimal value for the acquisition time 𝑻𝑮 = 𝑻𝑷 we obtain a minimum measurable pulse of: 

𝑽𝑷,𝒎𝒊𝒏 = √
𝑺𝑵,𝑩

𝑻𝑮
≅ 𝟕𝟎. 𝟕 𝒏𝑽 

 
Gated Integrator and exponential pulse:  

The signal acquired for an exponential pulse is: 

𝒔 = ∫ 𝒙(𝒕)𝒘𝒎(𝒕)𝒅𝒕
∞

−∞

= ∫ 𝑨𝑽𝑷𝒆
− 

𝒕
𝑻𝑷𝒅𝒕

𝑻𝑮

𝟎

= 𝑨𝑻𝑷 ∙ 𝑽𝑷 (𝟏 − 𝒆
−  

𝑻𝑮
𝑻𝑷) 

The minimum measurable amplitude for each pulse is the amplitude for a unitary SNR, thus: 

𝑺𝑵𝑹 =
𝒔

√𝝈𝒏
𝟐

=

𝑨𝑻𝑷 ∙ 𝑽𝑷 (𝟏 − 𝒆
− 

𝑻𝑮
𝑻𝑷)

√𝑨𝟐𝑻𝑮 ∙ 𝑺𝑵,𝑩

= 𝑽𝑷(𝟏 − 𝒆−𝟏)√
𝑻𝑷

𝟐

𝑺𝑵,𝑩𝑻𝑮
= 𝟏 → 𝑽𝑷,𝒎𝒊𝒏 =

𝟏

𝟏 − 𝒆
− 

𝑻𝑮
𝑻𝑷

√𝑺𝑵,𝑩

𝑻𝑮

𝑻𝑷
𝟐

 

It is possible to obtain numerically the optimal integration time to maximize the SNR, the condition is 𝑻𝑮 ≅
𝟓

𝟒
𝑻𝑷, 

giving us a minimum measurable amplitude of: 

𝑽𝑷,𝒎𝒊𝒏 =
𝟏

𝟏 − 𝒆− 
𝟓
𝟒

√
𝟓

𝟒

𝑺𝑵,𝑩

𝑻𝑷
≅ 𝟏𝟏𝟎. 𝟖 𝒏𝑽 
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RC filter:  
Assuming an RC Low-Pass filter with an exponential weight function with a time constant  𝑻𝑭, starting at the 

beginning of the signal to sample: 

𝒉(𝒕) =
𝟏

𝑻𝑭
𝒖(𝒕)𝒆

− 
𝒕

𝑻𝑭 → 𝒘𝒎(𝒕) =
𝟏

𝑻𝑭
𝒖(𝒕𝒎 − 𝒕)𝒆

− 
𝒕𝒎−𝒕

𝑻𝑭     𝑤𝑖𝑡ℎ    𝒕𝒎 = 𝑻𝑷 

Given the auto-correlation of the noise is much shorter (in time) than the filter’s one, we can approximate 

𝑲𝒘𝟏𝒘𝟏
𝑬 (𝝉) as 𝑲𝒘𝟏𝒘𝟏

𝑬 (𝟎), thus, we can express the noise as: 

𝝈𝒏
𝟐 = ∫ 𝑹𝒙𝒙(𝝉)𝑲𝒘𝟏𝒘𝟏

𝑬 (𝝉)𝒅𝝉
∞

−∞

≅ 𝑲𝒘𝟏𝒘𝟏
𝑬 (𝟎) ∫ 𝑹𝒙𝒙(𝝉)𝒅𝝉

∞

−∞

=
𝟏

𝟐𝑻𝑭
∫ 𝑹𝒙𝒙(𝝉)𝒅𝝉

∞

−∞

=
𝟏

𝟐𝑻𝑭
∙ 𝑺𝑵,𝑩 

Alternatively, we can calculate the same result in the frequency domain: 

𝝈𝒏
𝟐 = ∫ 𝑺𝒙

𝑷(𝒇)|𝑾𝒎(𝒇)|𝟐𝒅𝒇
∞

−∞

= 𝑺𝑵,𝑩 ∫ |𝑾𝒎(𝒇)|𝟐𝒅𝒇
∞

−∞

= 𝑺𝑵,𝑩 ∫ 𝒅𝒇
𝒇𝒏

𝟎

= 𝒇𝒏 ∙ 𝑺𝑵,𝑩 =
𝟏

𝟐𝑻𝑭
∙ 𝑺𝑵,𝑩 

 
RC filter and rectangular pulse:  

The signal acquired for a rectangular pulse is: 

𝒔 = ∫ 𝒙(𝒕)𝒘𝒎(𝒕)𝒅𝒕
∞

−∞

= ∫
𝑽𝑷

𝐓𝐅
𝐫𝐞𝐜𝐭𝐓𝐏

(𝒕 −
𝑻𝑷

𝟐
) 𝒖(𝑻𝑷 − 𝒕)𝒆

− 
𝑻𝑷−𝒕

𝑻𝑭 𝒅𝒇
∞

−∞

=
𝑽𝑷𝒆

− 
𝑻𝑷
𝑻𝑭

𝑻𝑭
∫ 𝒆

𝒕
𝑻𝑭𝒅𝒇

𝑻𝑷

𝟎

= 𝑽𝑷 [𝟏 − 𝒆
− 

𝑻𝑷
𝑻𝑭] 

The minimum measurable amplitude for each pulse is the amplitude for a unitary SNR, thus: 

𝑺𝑵𝑹 =
𝒔

√𝝈𝒏
𝟐

=

𝑽𝑷 [𝟏 − 𝒆
− 

𝑻𝑷
𝑻𝑭]

√
𝟏

𝟐𝑻𝑭
∙ 𝑺𝑵,𝑩

=
𝑽𝑷

√𝑺𝑵,𝑩

√𝟐𝑻𝑭 [𝟏 − 𝒆
− 

𝑻𝑷
𝑻𝑭] = 𝟏 → 𝑽𝑷,𝒎𝒊𝒏 =

𝟏

𝟏 − 𝒆
− 

𝑻𝑷
𝑻𝑭

√
𝑺𝑵,𝑩

𝟐𝑻𝑭
 

It is possible to obtain numerically the optimal integration time to maximize the SNR, the condition is 𝑻𝑭 ≅
𝟒

𝟓
𝑻𝑷, 

giving us a minimum measurable amplitude of: 

𝑽𝑷,𝒎𝒊𝒏 =
𝟏

𝟏 − 𝒆− 
𝟓
𝟒

√
𝟓

𝟖

𝑺𝑵,𝑩

𝑻𝑷
≅ 𝟕𝟖. 𝟑 𝒏𝑽 

 
RC filter and exponential pulse: 

The signal acquired for an exponential pulse is: 

𝒔 = ∫ 𝒙(𝒕)𝒘𝒎(𝒕)𝒅𝒕
∞

−∞

= ∫
𝑽𝑷

𝑻𝑭
𝒖(𝒕)𝒆

− 
𝒕

𝑻𝑷𝒖(𝒕𝒎 − 𝒕)𝒆
− 

𝒕𝒎 − 𝒕
𝑻𝑭 𝒅𝒕

∞

−∞

=
𝑽𝑷

𝑻𝑭
𝒆

− 
𝒕𝒎
𝑻𝑭 ∫ 𝒆

𝒕
(𝑻𝑷 − 𝑻𝑭)

𝑻𝑷𝑻𝑭 𝒅𝒕
𝒕𝒎

𝟎

 

Alternatively, in the frequency domain, we have: 

𝒔 = 𝓛−𝟏[𝑺] = 𝓛−𝟏[𝑿(𝒔)𝑾(𝒔)] = 𝓛−𝟏 [
𝑽𝑷𝑻𝑷

𝟏 + 𝒔𝑻𝑷
∙

𝟏

𝟏 + 𝒔𝑻𝑭
] 

The result of the integral varies as we chose the value of 𝑻𝑭, if we chose 𝑻𝑷 ≠ 𝑻𝑭 the solution is: 

𝒔 =
𝑽𝑷

𝑻𝑭
𝒆

− 
𝒕𝒎
𝑻𝑭 [

𝑻𝑷𝑻𝑭

𝑻𝑷 − 𝑻𝑭
𝒆

𝒕
(𝑻𝑷 − 𝑻𝑭)

𝑻𝑷𝑻𝑭 ]
𝟎

𝑻𝑷

=
𝑽𝑷𝑻𝑷𝒆

− 
𝒕𝒎
𝑻𝑭

𝑻𝑷 − 𝑻𝑭
[𝒆

(𝑻𝑷 − 𝑻𝑭)
𝑻𝑭 − 𝟏] =

𝑽𝑷𝑻𝑷𝒆
− 

𝒕𝒎
𝑻𝑭

𝑻𝑷 − 𝑻𝑭
= 𝓛−𝟏 [

𝑽𝑷𝑻𝑷

𝟏 + 𝒔𝑻𝑷
∙

𝟏

𝟏 + 𝒔𝑻𝑭
] 

If we chose 𝑻𝑷 = 𝑻𝑭 the solution is: 

𝒔 =
𝑽𝑷

𝑻𝑭
𝒆

− 
𝒕𝒎
𝑻𝑭 ∫ 𝒅𝒕

𝒕𝒎

𝟎

=
𝑽𝑷

𝑻𝑭
𝒕𝒎𝒆

− 
𝒕𝒎
𝑻𝑭 = 𝓛−𝟏 [

𝑽𝑷𝑻𝑭

(𝟏 + 𝒔𝑻𝑭)𝟐] 

We will use 𝑻𝑷 = 𝑻𝑭, to choose the optimal 𝒕𝒎 we must find the maximum of 𝒔: 

𝝏𝒔

𝝏𝒕𝒎
=

𝑽𝑷

𝑻𝑭
𝒆

− 
𝒕𝒎
𝑻𝑭 −

𝑽𝑷

𝑻𝑭
𝟐

𝒕𝒎 = 𝟎 → 𝑻𝑭𝒆
− 

𝒕𝒎
𝑻𝑭 = 𝒕𝒎 → 𝒕𝒎 = 𝑻𝑭 →  𝒔 = 𝑽𝑷𝒆−𝟏 

The minimum measurable amplitude for each pulse is the amplitude for a unitary SNR, thus: 

𝑺𝑵𝑹 =
𝒔

√𝝈𝒏
𝟐

=
𝑽𝑷𝒆−𝟏

√
𝟏

𝟐𝑻𝑭
∙ 𝑺𝑵,𝑩

= 𝑽𝑷𝒆−𝟏√
𝟐𝑻𝑭

𝑺𝑵,𝑩
= 𝟏 → 𝑽𝑷,𝒎𝒊𝒏 = 𝒆√

𝑺𝑵,𝑩

𝟐𝑻𝑷
≅ 𝟏𝟑𝟔 𝒏𝑽 
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C) To filter the signals, we can use a Discrete Time Integrator (DTI): 

Constant DTI and rectangular pulse:  

Assuming a constant weight 𝒘𝒌 , and a sampling frequency 𝒇𝑺: 

𝒘𝒌 = 𝟏 

The signal acquired for a rectangular pulse is: 

𝒔 = ∑ 𝒘𝒌𝒙𝒌

𝑵

𝒌=𝟎

= ∑ 𝒘𝒌𝑽𝑷

𝑵

𝒌=𝟎

= 𝑵𝑽𝑷 

The noise acquired considering an uncorrelated input noise is: 

𝝈𝒏
𝟐 = ∑ 𝒘𝒌

𝟐𝒙𝒌
𝟐

𝑵

𝒌=𝟎

= 𝑵 ∑ 𝒙𝒌
𝟐

𝑵

𝒌=𝟎

= 𝑵𝝈𝒏,𝒊𝒏
𝟐  

The minimum measurable amplitude is the amplitude to achieve a unitary SNR, thus: 

𝑺𝑵𝑹 =
𝒔

√𝝈𝒏
𝟐

=
𝑵𝑽𝑷

√𝑵𝝈𝒏,𝒊𝒏
𝟐

=
𝑽𝑷

√𝝈𝒏,𝒊𝒏
𝟐

√𝑵 = 𝟏 → 𝑽𝑷,𝒎𝒊𝒏 =
𝑽𝑷,𝒎𝒊𝒏,𝟎

√𝑵
 

If we chose 𝑻𝑺 = 𝟏𝟎 𝝉 = 𝟏𝟓. 𝟗 𝝁𝒔: 

𝑵 =
𝑻𝑷

𝑻𝑺
≅ 𝟔𝟐𝟗 → 𝑽𝑷,𝒎𝒊𝒏 =

𝑽𝑷,𝒎𝒊𝒏,𝟎

√𝑵
≅ 𝟏𝟓𝟖 𝒏𝑽 

 
Exponential decaying DTI and exponential pulse:  

Assuming a constant weight 𝒘𝒌 , and a sampling frequency 𝒇𝑺: 

𝒘𝒌 = 𝒓𝒌 = 𝒆
− 𝒌

𝑻𝑺
𝑻𝑷     𝑤𝑖𝑡ℎ    (𝟏 − 𝒓) ≪ 𝒓 

The signal acquired for an exponential pulse is: 

𝒔 = ∑ 𝒘𝒌𝒙𝒌

𝑵

𝒌=𝟎

= ∑ 𝑽𝑷𝒆
− 𝒌

𝑻𝑺
𝑻𝑷𝑨𝒆

− 𝒌
𝑻𝑺
𝑻𝑷

𝑵

𝒌=𝟎

= 𝑨𝑽𝑷 ∑ 𝒆
− 𝟐𝒌

𝑻𝑺
𝑻𝑷

𝑵

𝒌=𝟎

= ∑ 𝜶−𝟐𝒌

𝑵

𝒌=𝟎

=
𝑨𝑽𝑷

𝟏 − 𝜶𝟐
    𝑤𝑖𝑡ℎ    𝜶 = 𝒆

− 
𝑻𝑺
𝑻𝑷 ≅ 𝟏 −

𝟐𝑻𝑺

𝑻𝑷
 

The noise acquired considering an uncorrelated input noise is: 

𝝈𝒏
𝟐 = ∑ 𝒘𝒌

𝟐𝒙𝒌
𝟐

𝑵

𝒌=𝟎

= ∑ 𝑨𝟐𝒆
− 𝟐𝒌

𝑻𝑺
𝑻𝑷𝒙𝒌

𝟐

𝑵

𝒌=𝟎

= 𝑨𝟐𝝈𝒏,𝒊𝒏
𝟐 ∑ 𝜶−𝟐𝒌

𝑵

𝒌=𝟎

=
𝑨𝟐𝝈𝒏,𝒊𝒏

𝟐

𝟏 − 𝜶𝟐
    𝑤𝑖𝑡ℎ    𝜶 = 𝒆

− 
𝑻𝑺
𝑻𝑷 ≅ 𝟏 −

𝟐𝑻𝑺

𝑻𝑷
 

The minimum measurable amplitude is the amplitude to achieve a unitary SNR, thus: 

𝑺𝑵𝑹 =
𝒔

√𝝈𝒏
𝟐

=

𝑨𝑽𝑷

𝟏 − 𝜶𝟐

√
𝑨𝟐𝝈𝒏,𝒊𝒏

𝟐

𝟏 − 𝜶𝟐

=
𝑽𝑷

√𝝈𝒏,𝒊𝒏
𝟐

𝟏

√𝟏 − 𝜶𝟐
≅

𝑽𝑷

√𝝈𝒏,𝒊𝒏
𝟐

√
𝑻𝑷

𝟐𝑻𝑺
 = 𝟏 → 𝑽𝑷,𝒎𝒊𝒏 = 𝑽𝑷,𝒎𝒊𝒏,𝟎√

𝟐𝑻𝑺

𝑻𝑷
  

If we chose 𝑻𝑺 = 𝟏𝟎 𝝉 = 𝟏𝟓. 𝟗 𝝁𝒔: 

𝑽𝑷,𝒎𝒊𝒏 = 𝑽𝑷,𝒎𝒊𝒏,𝟎√
𝟐𝑻𝑺

𝑻𝑷
≅ 𝟐𝟐𝟑 𝒏𝑽 

 

D) The Continuous Time (CT) filters are better than their relative Discrete Time (DTI) filters, the best SNR of all the 

filters analysed is achieved with the Gated Integrator (for both the rectangular and the exponential pulse). 

The DTI’s advantage over the CT filter is the possibility to implement weight functions impossible to implement 

in CT filters, allowing us to implement the optimum weight function. 


